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Abstract: Polynomial theory is the basic of commutative algebra as well as algebraic geometry etc.
In addition, it is quite significant in several applied fields. Single variable polynomial theory is
almost complete but the structure of multivariable polynomial is not so clear. So, a more concise
and simple method is needed. In this paper, tensor representation of polynomial is proved and the
validity, algebraic properties and equivalence between tonsorial and traditional representation are
shown.

1. The tensor representation of multivariable polynomials

As we all know, the general form of multivariate polynomials on commutative unitary ring is
D a,  x'x2...xr (indices will be omitted in the summation symbol), x, X,...x, are n
j1j2~-~jn
indeterminates,

Jis Jos---y J, are the degree of indeterminates, j, + j,+...]J, is the degree of this monomial,

a represents the coefficient of the term when degree of x, is j,, degree of X, is j,..

hl2-In
degree of x, is j,. Although such a representation is general, its order and structure are not
obvious, and it is not convenient to use, so there are some methods to make its structure clearer,
such as lexicographical order, homogeneous multinomial order and so on. Inspired by the fact that
symmetric matrices are equivalent to quadratic forms, n-order tensors may also be used. It is
equivalent to the "n-degree forms", that is, the n-degrees polynomial. There must be some
relationship between them.

Theorem 1: m-variables polynomial P[x,X,,x,]=%a,, | x'x}..xr

m

1 and its tensor

representation P[X]=A +A X+ A, (X®OX)+ A (XOX®K)+...+ A" gen s equivalent.
A, is a 0" order tensor, i.e. a constant, A is an m-dimensional vector, A, isasymmetric matrix,
and K is an n-th order square tensor (That is, the positive integer set of each index is the same);

X = (X Xpeees X )T is the vector of all indeterminates, @ denotes the tensor product,

CERATY

X" = X®X®...(multiply by n times)...® X, and " means n times dot product.
Proof: f +f ,+...+f, is obtained by the homogeneous component order for any

multivariable polynomial Za, ; xxJ2 ...xJn. f  refersto the sum of all n-degree monomials, and
12 Im m n

the internals of each homogeneous component f are lexicographically ordered. We only need to
prove that each homogeneous component f is equivalent to a tensor which its order is the same as
the degree of f. Then it can be proved that the entire multivariable polynomial is equivalent to the
tensor representation.

! Notice the number of indeterminates and the degree of the polynomial is different. We use m to represent the dimension of X

(number of indeterminates) and n means the degree of polynomial. In fact, it is unnecessary to specify dimension of X in the sec-
ond part later.
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First look at f,, obviously f, =a,, ,x'%;...x; = A,. Look at f,, let

—_— T —_— _,
A= (ai,0,0...O 189100130010+ ao,o,o...l) ,  then AX= A00.0% T 810 0% T+ T 800.1%n
contains all possible one-degree monomials. Then look at f,
a1,1,0...0 a'1,0,1...0 a1,0,0.4.1
a2,0,0...0 te
2 2 2
a:I.,l,O. .0 aO,l,l. .0

2 a0,2,0.“0 2

IetA2= Qo110 Hi1o : : : !
, > : : :

a1,0,0.“1
2

then A2 : (X ® )_() = a2,0,0..40)(12 + a1,1,0.4.0)(1)(2 + a1,0,1...0)(1)(3 +...F aO,O,OH.ZXr?] '

Finally, look at the general case f,, we know that the degree of any one of these monomials must

a‘0,0,0. .2

satisfy j, + j, +... j, =1. From another perspective, the tensor productﬁ(l)-(')i®| = A(') X XX

iy 7N Ny i

x, Represents the No. i, component of the vector x=(x1,x2,...,xm)T, iy,i,...0 €{l,2...m}.

The first term of the lexicographical order isa, ,, ,x , and let the component Al('l)1 of tensor

K(I) be a4, 0 (Afy'l?‘_lza,vovomo), when each indexi, =i, =...=i, =1. The second term of the
lexicographical order is a .., % 'X, , let the tensor indices take i,=2, i,=...=i =1
(components Al ), i,=2, ij=...=i,=1 (component A"Y) ) ..and =2, i=..=i,=1

(component A{?__g), that is, each index takes 2 in order, and the remaining 1. These components

satisfy the relationship A} , + A") | +...+ A" ,=a ,,, ,. For convenience, let all the components

. . a ..
at the left-hand side of the equation be equal, getAl) | =A")  =..= A", :% At this time

there are
Agil)...leXl t Xl + AI(,IZ)“.leXZ v Xl +ot Al(ll)lexl . 'X2 = (Aél;l).l + AJF,IZ)...l +ot AJFIZL)Z) X:II.{LXZ = a'I—1,1,0...OXZII.{LXZ '
Observe any a;; ; x"x?...xJ in the homogeneous multinomial sum with degree of I. We
know j,+ j,+...J, =1, then inX®X®...® X. There must be j X (it does not mean j,
times X. It means the number of X we choosing is j,) to select the x, component, j, X to
select the x, component, j. X to select the x, component, regardless of order. This can be
abstracted into a combinatorial mathematics problem: | balls, of which j, No. 1 ball, j, No.2

ball... . No.m ball, how many different arrangements? It is known from the arrangement formula

m

. . . : I
about the repeated collection that their number of permutations is ﬁ[ﬂ, therefore, we
hidaie It
make these components of K(I) when their | indices contain j, X, J, X, .. J, X,
! : it g -
T components in total). And all these components are set to Jljzl—lj”‘ajj i Itis
ULt ! e

easy to verify the equality of the tensor product expansionand a;; ; xixk . xl o,
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So far, we prove that any m-variables polynomial Za,, |

representation corresponding to it. In fact, this is not the only one. In the proof process, it can be
found that for a monomial a;; x)2xJ ... .xIn there may be many tensors satisfying the condition.

Therefore, in order to guarantee the uniqueness of the coefficient tensor, we specify that

x2xJ2 .. .x has its tensor

A, E K(n) are symmetric tensors. It means any component A(ll”z), stays the same when the

arbitrary permutation acting on the indices iji,...i,. This achieves a one-to-one correspondence

with the traditional representation of the m-variables polynomial. On the other hand, we find each

item in the tensor representation K(')-(i)i@ corresponds to the sum of all i-degree homogeneous

monomials in the traditional notation, that is, i-degree homogeneous components.

2. Property

We have proved that the tensor notation is completely equivalent to multivariable polynomial in
the traditional notation, then the various algebraic properties of the multivariable polynomial ring
are also inevitably true for the tensor form. The following will explain them by two aspects
--additive and multiplication, here its existence and uniqueness will not be described again.

For additive, since only the same order tensors can be added, and the sum and difference of the
symmetric tensors are still symmetric tensors, there is

(A0+Z-;}’+ZZ:(X’®i)+@i(i®i®i)+...+z47<m)-('")X®“)+

B +B -Xx+ B

0 1 2

VR

(i®f)+ﬁg(f®f®f)++z(n) (”) i@uj
~(4+B)+(4+B)-2+(4+B): (0@ %)+ (4 +B)(f®%© %)
— (o

+o. (Z(m) + B, j R S BT(”) ) ger

m

(assuming n>m). That is, the coefficient tensors of the same order are added.

Multiplication is more complicated. Let us first consider E(m)-(m)i@“ and gn(n)-(”) X" is
multiplied, then the other terms are easy to solve. If you directly define the multiplication as

(E(m) ®B " )-(m*") X®™" because the result of the tensor product of two symmetric tensors is not

necessarily symmetric, the operation is not closed, so we can add one more step, and then
symmetrize the tensor product. This operation is defined as the "multiplication” of the operation in
the polynomial tensor representation.

We use a concrete example to illustrate the necessity of this step, such as multiplication of a
binary quadratic monomial and a binary linear monomial.

(ax? +2bxy +cy? ) (dx+ey) = adx’ +(ae+ 2bd ) x*y +(2be+cd ) xy* +cey® is written as tensor

notation (x,y)(z S)@j(de)@j:[z gj%‘:j@%@%@} because the  third-order

tensor can no longer be written on the 2D paper, we should write all the components, so the above
formula is equal to

(x ®3
(a 11y + 5[ 12) + bf21) + | 22>) ® (d 1) + e 2>) : [yj

®3
= (ad |111> + ae| 112) + bd |121> + be| 122) + bd |211> + be| 212) + cd |221> + ce| 222>) : (Xj
y
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-=()

®3
The result is correct, but the coefficient tensor A, which is dot product with ( j is not
y

symmetric, so we follow the previous statement and add one step to make E symmetric, that is,
the individual component A, of E are summed by any arrangement of their indices (a total of
31 and divided by 3!. So, we get the symmetrized

Z; = ad [111) + %(2% + 4bd ) [112) + %(259 + 4bd ) [121) + é(an’ + 4be) [122)
+ é (2ae + 4bd) 21 1)+ % (2cd + 4be)[212) + %(2“/ + 4be) [221) + ce| 222) . 1t is easy to

verify that the result is unchanged, and Ka is also symmetric. We put this the defined operation is

also recorded as x.
For a multiplication of m-order monomial and an n-order monomial there is

(‘E‘m—'(m)(m) )—<®m )(E;(n)(n) )—(~®n ) _ (K(m) % ‘B_n’(”) )_(m+n) —-®m+n Sym ( An ® B ——(n ))'(m+n) )—(~®m+n

1 (m)  R(m
- (m + n)' (za(iﬂZ i Im-*—1|m+2 Im+n)'A‘1i2"'im Bim+lim+2"'im+n ) Xil Xi2 T Xim Xim+l toe Xim+n .
The symbol & (i itz -imyn ) TEPTESENtS the sum of all possible permutation of
by . iagdng -+ -0, - SO the product of two polynomials is

(AO +Z;X7+ZQ:(§®2)+...)(BO+E-X’+F’2:(i@)?)

+
\:_/

= A5, + (4B + BA) -+ (4B, + 4 x B + BA): (X ® %)+
=(+C - %+C,: (P®%)+ (i (¥F®F®F)+.., C, ZKXE, keZ.
We illustrate the commutation of this multiplication operation. For the monomial operation,

since

sym(K(m) xBT(n))'(m”) gemn -1

(m+n)!

(m) (n)
(zo-(iliz. dimgineg.. mM)Aiiz...im Bim+1im+2...im+n XX, X X X

by definition, any component of E(m) and BTW is an element in R, the commutative law
between components is obviously satisfied, and ii,...0 i .. ,...0 . arejustindices o)

1 n m m+n o +
(m + n)' (Z ('1'2 I m+1 m+2 m+n iEiZ)'“in A(I1+1i)n+2“'in+m ) Xil Xiz U Xim Xim+1 U Xim+n = Sym ( n X An ) ®m "
So, it is easy to know that the polynomial also satisfies the commutative law.

The multiplicative associative law is verified below. Since

f=A+AX+A (XOX)+A(XOKQR)+... :
g=B,+B X +B,:(X®X)+B,}(R®X®X)+... ,
h=Cy+C,X+C, (X®X)+C,i(X®X®X)+... them-thtermof (fg)h is

Z[ZKXEJXCT: > AxB;xC,,them-thtermof f(gh) is
l+k=m \_i+j=I i+ j+k=m
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> Kx[ > (ExCT)J: > A xB,;xC, . They are consistent.

i+n=m j+k=n i+ j+k=m

As for the distribution law, between the tensors having the same order, (K(n) +§,;(n))><(:(n)

their components satisfy

1 (1) (s (7)
(21])! 20(1'1142..Af”fnﬂflwzA..fzn) (’4" + B/' ,./”) ¢ Y

_ 1 A o) w8 )

(2]7)1 0-(1112"‘1171/1+11n+2'“12u)( Iy, Ipiydpige-dyy Llgeody Iy oydpig-dyy,

Therefore, the law of distribution is also established. This explains all the properties that must be
satisfied for the multivariable polynomial ring.
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